Magnetic separation has gained much attention due to its implications in different fields, becoming feasible as an alternative to existent technologies at the industrial and lab scale. Substantial efforts are focused to improve the magnetic particles used in these applications. Here we show how a relatively simple and low-cost simulation strategy (tracer simulations) can be employed to predict the effect of various key factors in magnetic separation processes, namely, particle properties and magnetic separator designs. For concreteness, we consider here specific problems in magnetic separation. The first one is the effect of different profiles of the magnetic field in the separation of magnetic nanoparticles, and the second one is the magnetophoresis of colloidal particles in a dispersion of magnetic nanoparticles.
Introduction
The manipulation of magnetic particles by the use of inhomogeneous magnetic fields has emerged as a topic of great interest in a wide range of research and technological areas [1] : from wastewater treatments [2, 3] or pollutants removal [4] to biomedical applications like protein isolation, drug delivery, magnetic hyperthermia, or magnetic particle imaging [5, 6] . The use of inhomogeneous magnetic fields to drive magnetic particles apart from solution, what is known as magnetic separation or magnetophoresis, has provided new techniques capable to improve standard technologies, especially in biotechnological applications [7] .
The idea behind magnetic separation is to take advantage of the distinctive magnetic response of the particles in solution to remove them from complex mixtures by the use of applied inhomogeneous magnetic fields [8] . In a wide range of applications, magnetic particles are typically functionalized with proper chemical groups, designed to bind to specific nonmagnetic components, thus enabling the separation of nonmagnetic materials by combining the use of magnetic particles and magnetic fields. This combination has many advantages over traditional fixed-bed separation methods, such as activated carbon adsorption for organics and affinity chromatography for proteins. In particular, magnetic nanoparticles offer large exposed surface areas without the use of porous materials, which are often plagued by high mass transfer resistances [9] . Therefore, it is not surprising that magnetic separation has been presented as an alternative to typical centrifugation and filtration steps in industrial processes as well as in lab applications. In the biomedical field, magnetic separation may help to overcome some disadvantages of standard column liquid chromatography in the separation of proteins and peptides, and it serves as a basis of various immunoassays systems. Moreover, magnetic separation can also be used to concentrate large volumes of diluted protein solutions in a very gentle way [7] .
The basic ingredients in any magnetic separation application are two: the selection of appropriate magnetic particles 2 Journal of Nanomaterials and the design of the magnetic separator. Typically, the particles employed in these applications are superparamagnetic particles. One has to bear in mind that superparamagnetism emerges as a quantum effect in some ferromagnetic and ferrimagnetic materials, below the single domain size. This implies that this phenomenon is limited to nanocrystals of size below a certain critical size which depends on the material [10] . Since the magnetic force is proportional to the particle magnetization, superparamagnetic nanoparticles with large magnetic response are desired. A standard way to enhance the magnetic response of the carrier particles is to synthesize larger particles by embedding superparamagnetic nanocrystals in a matrix of nonmagnetic material (such as polystyrene [11] or silica [12] ), thus preserving the superparamagnetic behavior of these crystals and guaranteeing the stability and biocompatibility of the solutions. In this manner, particles with larger magnetizations are obtained, increasing the magnetic response under an external field. Nevertheless, one has to balance this increase on the magnetic response (which could enhance the separation process) with the reduction on the active surface area of the particles, implying a reduction on the capture and retention of target entities. Actually, a wide range of different particles are already commercially available (from nanoparticles to larger superparamagnetic colloids) combining different magnetic response, size and decorated surfaces designed to target specific components.
A second issue about the separation process is the application of a specific magnetic field over the target sample, inducing a magnetic moment in the carrier particles. This magnetic field has not only to induce a magnetic moment but also to generate a magnetic gradient (which produces a magnetic force on the particle) in order to drive carrier particles apart from solution. Then, the conditions to be fulfilled by the magnetic field source are two: it has to induce large magnetizations but also a gradient in the intensity of the magnetic field. The simplest option to induce magnetophoresis in a lab tube or vial is by the application of a simple bar magnet, but this option is highly inefficient, since typically only those particles near the magnet really experience enough magnetic force to move. However, it is possible to obtain efficient magnetic separators by combining permanent magnets in convenient arrangements in order to generate magnetic fields suitable for magnetic separation. Among the possible arrangements of the magnets, we will discuss here the advantages and drawbacks of two possible cylindrical tube geometries, which have been called open and closed arrangements. Essentially, the closed structure consists of an arrangement of magnets around the tube containing the suspension, which generates a uniform magnetic gradient pointing towards the wall of the tube (see, e.g., [13] [14] [15] [16] [17] ). In this case, one obtains uniform magnetophoretic conditions, a desirable feature in order to characterize, model, and scale-up the magnetophoresis process. The open-type magnetic separator [18, 19] is similar to the previous one, but in this case the design contains an aperture, that is, there is a region near the tube walls which does not contain magnets. These open structures are designed to operate directly to test tube racks and helps on the visual monitoring of the process. In a preliminary communication [20] , we noted that these two different separator designs induce substantial differences in the dynamics of the magnetic separation process.
Here, we propose a simple simulation methodology which allows to model the magnetophoretic separation of nanoparticles inside different designs of magnetic separators. As a first application, the methodology proposed here will be employed to compare the performance of open and closed separator designs. In a second one, we will study the magnetophoretic separation process of a mixture containing particles with different sizes and magnetic responses.
Tracer Simulation of Magnetophoresis of Superparamagnetic Nanoparticles

Basic Equations and Simulation
Methodology. Let us start by describing the equations of motion of superparamagnetic nanoparticles (NPs) in a liquid dispersion under the effects of an external magnetic field. In this situation, NPs will move in the direction of the magnetic gradient (magnetophoresis).
As shown experimentally and theoretically in previous works [13, 17] , we have two different kinds of magnetophoretic separation processes. The first case is called cooperative magnetophoresis, and it is characterized by fast separation times (magnetophoretic velocities can be roughly estimated as of the order of a cm per minute) which depend strongly on the concentration of the sample. It is usually found for composite colloids of several hundreds of nm in diameter (made of magnetic NPs embedded in a nonmagnetic matrix) and its driving force is the reversible formation of chains of colloids under the magnetic field [13] . The second case corresponds to noncooperative magnetophoresis, and it is typically found for dispersions of small NPs [17] . In this case, magnetophoretic velocities are much lower, and they do not depend on particle concentration; instead, they depend strongly on the magnetic gradient and the design of the magnetic separator [17, 20] . In this case, the magnetophoretic separation process is ruled by the individual motion of the superparamagnetic NPs. In addition to experimental characterization of both situations, we have formulated a mathematical criterion which allows us to predict whether we will observe cooperative or noncooperative magnetophoresis. This criterion (see [17] for details) establishes that cooperative magnetophoresis is observed when the aggregation parameter N * verifies N * > 1. This parameter is given by
where φ 0 is the initial volume fraction of particles in suspension, and Γ is the magnetic coupling parameter characterizing the strength of magnetic interaction of particles at contact as compared with thermal agitation and defined as
In (2) μ 0 is the permeability of the free space, m s is the magnetic moment of a particle at saturation, d is its diameter, and T the absolute temperature.
In this work, we will consider only the noncooperative case characterized by N * < 1, which is typically the case for dispersions of NPs. For example, a 10 g/L dispersion of superparamagnetic γ-Fe 2 O 3 NPs (diameter 12 nm) employed in [17] provide Γ = 2.5 and N * = 0.1. Under these conditions, we thus need to consider only the individual motion of NPs in the magnetic gradient to obtain the magnetophoretic behavior, ignoring the interaction between NPs. The magnetophoretic velocity of a NP immersed in a fluid with viscosity η submitted to a magnetic gradient can be obtained as follows. The magnetic force acting on a magnetic particle can be written as
where H is the magnetic field, V is the volume of the particle, ρ p is its density, and M is the magnetization of the particle per unit mass. Notice here that this expression assumes that the magnetization of the particle is uniform [8] so that the magnetic moment is given by
Nevertheless, in the case of a superparamagnetic particle, its total magnetic moment aligns parallel to the applied magnetic field and (3) can be written as
where H is the modulus of the magnetic field. On the other hand, the viscous drag force exerted by the solvent over a single spherical particle of radius R is
The magnetophoretic velocity of a particle in the steady state is obtained by balancing the magnetic force F mag and the viscous drag force F vis exerted by the solvent:
∇H.
In order to apply (7) in a real situation, one needs to know not only the profile of the applied magnetic field but also a full characterization of the magnetic response M(H) of the NPs. In our calculations, we will assume that the magnetization M(H) of a single superparamagnetic nanoparticle under an external magnetic field H is described within a good approximation by a Langevin function typical in theoretical descriptions of this superparamagnetic behavior [10, [21] [22] [23] ]
where M s denotes the saturation magnetic moment per unit mass, and b is related to M s and R by (see [17, 22] )
The value of b −1 can be interpreted as a characteristic magnetic field required to reach saturation. Equations (7)- (9) allow one to predict the magnetophoretic motion of a superparamagnetic NP if the spatial profile of the magnetic field of the magnetic separator is known.
In the case of a very simple geometry for the magnetic field, it has been possible [17] to obtain analytically an exact equation for the trajectory of a NP inside a magnetic separator and also obtain the kinetics of the separation process (number of particles remaining in solution as a function of time). However, for a general magnetic field geometry, finding an analytical solution is not possible. The option explored in this paper will be to perform simulations of tracer particles under known magnetic profiles. In this simulation method, each particle tracer is not intended to represent a real particle but it effectively describes the dynamics of a given particle under the external conditions imposed (tracer simulations are common in fields such as fluid mechanics, see, e.g., [24] ).
The simulation technique is as follows. First of all, we need to know the geometry of the magnetic separator and the magnetic field H( r) in all points inside the magnetic separator. Then, we consider the motion of N p tracers inside the given geometry and magnetic field. Initially (t = 0), the positions r i (t = 0) (i = 1, . . . , N p ) of these tracers are generated to be distributed uniformly inside the magnetic separator. The simulation then proceeds by assuming that each of these tracers behaves as a superparamagnetic NP. The position r i (t) of a tracer evolves obeying
where the magnetophoretic velocity v( r i ) is computed from (7)-(9) taking into account the local value of the magnetic field and the magnetic gradient evaluated at position r i . The equation of motion of the tracers ((10) supplemented with (7)- (9)) is integrated numerically in discrete time steps Δt by employing a Verlet [25] type integration algorithm which provides good accuracy at a reasonable cost of CPU time. All these calculations were implemented in a C code developed in house, which is available under request to the authors.
Validation of the Simulation Methodology.
In this subsection, we will consider a magnetophoretic separation problem for which we obtained both experimental results and an analytical solution. Comparison of the results of our simulations with previously known results is a necessary step in order to ensure the validity of our simulation approach. After this validation step, we will employ our simulation method in the following subsection to explore other situations in which previous theoretical results are not available.
Here we consider the closed geometry for the magnetic separator, similar to the actual separators employed in recent experimental works [13, [15] [16] [17] . The geometry of the separator is a cylinder (radius L = 1.5 cm), and it contains a magnetic field increasing from zero in the center to a maximum value at the walls, as shown in Figure 1 (see also inset in Figure 2 for a sketch of the separator). Note that the gradient of the modulus of the magnetic field is approximately uniform inside the system (≈30 T/m). The parameters for the simulation were selected in order to match the experimental system considered in Figure 1 of [17] . In Comparison between the simulations performed here, the analytical solution and the experimental results reported in [17] for the evolution of the fraction of particles remaining in the separator. Inset: sketch (top view) of the magnetic separator.
this experiment, a 10 g/L dispersion of superparamagnetic γ-Fe 2 O 3 NPs (diameter 12 nm) was placed inside the separator. The magnetization curve for these NPs was given also in [17] , and it was shown that they obey (8) and (9) From these results, we estimated the concentration profile of the NPs at different times and we also computed the time evolution of the fraction of particles inside the dispersion (i.e., the number of tracers which have not reached the walls of the system divided by the total number of tracers). This last quantity is compared in Figure 2 with the experimental results obtained in [17] . We also show the results corresponding to the analytical expression developed in [17] . Our simulation results are in good agreement with these previous results, thereby validating our simulation technique.
Comparison between Different Separator
Designs. Now, we employ our simulation methodology to compare the performance of two different designs of magnetic separators. The first design we consider here is the one considered in the previous subsection, which we will call "closed type" separator from now on. As we said previously, the main advantage of this geometry for the magnetic separator is the fact that the magnetic gradient is approximately uniform inside the system. The second design we will consider here is an "open type" separator. In this case, the geometry of the separator is the same as the closed type considered in the previous subsection, but now part of the magnets were removed. As we have mentioned in the introduction, this partial removal of magnets is made in commercial separators in order to facilitate visual contact with the dispersion during the separation process so that the separation can be monitored easily by eye inspection [19] (in closed type separators as the one considered in the previous subsection, monitoring of the separator process is made by an optical sensor, see, e.g., [13] ). In Figure 3 we show the profile of the magnetic field generated by a hypothetical open-type magnetic separator constructed by removing half of the magnets from the closed type magnetic separator employed in the previous subsection. In this open case, the magnetic gradient is far from uniform. It is again about 30 T/m near the magnets, but now it is less than 10 T/m in a substantial part of the separator (the region far from the magnets). We will employ these profiles of magnetic field and gradient in order to compare the performance of the open and closed separator designs in a simulation of a specific example of magnetic separation. In order to compare the different performance between the open and the closed type separators, we consider the same suspension of γ-Fe 2 O 3 NPs of diameter 12 nm described in the previous subsection. Now we perform simulations for this suspension in the case of open-type geometry of the magnetic separator. The technical details (number of tracer particles, time step, etc.) were the same as employed in the simulation of the previous subsection. Here, the simulations were performed until a simulation time of 1.2 × 10 6 s, and the calculations required 39 min of CPU in a AMD Opteron Magny Cours 6136 processor. The corresponding results are presented in Figure 4 (snapshots) and Figure 5 (fraction of remaining particles as a function of time). The differences between results for both types of separators are clear. In the closed type geometry, the motion of particles is much more uniform since the magnetic gradient is nearly uniform in the whole system. In this case, separation proceeds by a radial motion of the particles towards the wall (following the magnetic gradient, see (7)), leaving a circle of "clear" solution (free of particles) which increases with time. In the open-type case, the distribution of particles becomes inhomogeneous as separation proceeds, because of the inhomogeneities in the magnetic gradient (see Figure 3) . Particles close to the magnets move faster than the ones placed far from the magnets (Figure 4 , top) since they experience larger magnetizations and larger magnetic gradients (see Figure 3) . Also, these slow-moving particles have to travel distances larger than the cylinder radius in order to reach the walls of the system and become separated from the liquid. As a consequence, separation times are substantially longer in opentype separators than in closed type separators, as shown in Figure 5 .
Magnetophoresis of Colloidal Particles in a Magnetic Fluid
Motivation and Basic Equations.
The problem we would like to consider in this section is the motion of colloidal particles (with sizes of the order of hundreds of nm or larger) in a dispersion containing superparamagnetic NPs. This particularly asymmetric mixture has a fascinating behavior which has received significant attention in recent years. For example, it is possible to induce the assembly and transport of nonmagnetic colloids immersed in a dispersion of superparamagnetic NPs by applying external magnetic fields [26, 27] . Physically, this interesting behavior is due to the fact that a nonmagnetic colloidal particle, immersed in a suspension of NPs, behaves as a magnetic hole with an effective dipole pointing in a direction opposed to that of the local magnetization of the NPs. Hence, after the application of a magnetic field, a nonmagnetic colloid immersed in a dispersion of NPs behaves as an effective super-diamagnetic particle. This effect is not only found in nonmagnetic colloids but also it is possible in the case of composite colloidal particles made of superparamagnetic NPs embedded in a nonmagnetic matrix (e.g., polymer or silica). As demonstrated in [8, 28, 29] theoretically and experimentally, a colloidal particle in a dispersion of superparamagnetic NPs under a magnetic field H behaves as having an effective magnetic dipole given by
where m c (H) is the intrinsic magnetic dipole of the colloid (the one observed when the colloid is not embedded in a dispersion of NPs), R c is the radius of the colloid, n p is the local concentration of NPs (in number of particles per unit volume), and m p (H) is the magnetic dipole of the NPs induced by the external field H. Equation (11) can be interpreted as a magnetic buoyancy effect due to the different magnetic response of the colloid and its surroundings, as discussed in [8] . Note that a nonmagnetic colloid (m c = 0) will have always m eff < 0, that is, a super-diamagnetic behavior with an effective dipole opposite to that of the superparamagnetic NPs. In the case of m c > 0, the behavior of the colloids can be tuned to an effective superparamagnetic (m eff > 0) or super-diamagnetic (m eff < 0) behavior depending on the concentration of NPs. Here, our interest will be the study of the behavior of a mixture of colloidal particles and NPs in a magnetic separator. Experimentally, this system has been studied in [30] in the case of a closed type separator. The magnetophoretic velocity of the superparamagnetic NPs will obey the same equations discussed in Section 2. In particular, the NPs will move in the direction of the magnetic gradient with a velocity given by (7) . The magnetophoretic velocity of a colloidal particle v c can be easily obtained using the same relations derived in Section 2 but taking into account that the magnetic dipole of the colloid is described by m eff as given by (11) . The result is given by
where v p ( r) is the magnetophoretic velocity of a NP located at r, and n p ( r, t) is the local concentration of NPs at r and time t.
Simulations: Methodology and Results.
The simulation methodology employed here is based on particle tracers simulations as developed in the previous section. Now, we will have two different types of tracer particles, one corresponding to NPs and another one corresponding to colloidal particles. For simplicity, we will consider the simulation of this mixture only in the case of closed type magnetic separators. The profile of the magnetic field is shown in Figure 1 . As we have seen in the previous section, this case is more easy to understand due to the near uniformity of the magnetic gradient. In this case, the magnetic gradient is pointing in the radial direction, and it has a constant magnitude. Hence, (7) gives the following expression for the radial velocity of a NP at a radial distance r from the center of this cylindrical separator:
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where N f is the number of NPs "excluded" by the presence of a colloidal particle, and it is given by
Due to the symmetry of the problem, we consider only the radial motion of the particles so the simulations can be performed in 2 dimensions (the vertical coordinate z was ignored). As in the previous section, the equation of motion of the tracer NPs, dr/dt = v p (r) was solved using the Verlet integration scheme. Also, we have to solve the motion of the tracer particles corresponding to the colloids. This is done as follows. At each time step (after updating the position of the NPs), we compute the concentration profile of NPs, and the function N f (r, t) is updated in the following way. The value of N f (r, t) is given by the initial value N 0 f multiplied by the ratio between the NPs density found in the region comprised between r and r + δr and the initial NPs density. Different combinations of integration time step and δr values were tested. The results reported here correspond to δr = L/100 where L is the radius of the magnetic separator. Once this function is updated, the velocity of each colloidal tracer is calculated as follows. A first estimate of the velocity for each latex particle at a given time step v 1 (t n ) is calculated according to the NPs concentration at time t n . Then, each latex particle is moved to a new virtual position according to this initial estimate v 1 (t n ). Also, we update the position for each NP at time t n+1 , the new NPs concentration is computed, and a new estimation of the velocity of each latex particle (located at their virtual positions) is calculated v 2 (t n+1 ). Finally, the real velocity used to calculate the position at t n+1 for each latex particle is calculated as the average of these two estimates of the latex velocities that is, v(t n ) = (v 1 (t n ) + v 2 (t n+1 ))/2. This two-steps, methodology is necessary in order to account for the effect of variations in NPs concentration during the motion of the latex particles.
In this case, we have performed a single simulation for a particular case of interest which is now being realized experimentally [30] . We have considered a mixture containing a dispersion of nanoparticles identical to that considered in the previous section (10 g/L dispersion of superparamagnetic γ-Fe 2 O 3 NPs of diameter 12 nm) and colloidal particles similar to commercial latex micro spheres (1 g/L dispersion of colloids with diameter 900 nm). In these conditions, the initial value of the quantity N f defined in (15) is N 0 f = 868 in all the system. As we said before, the magnetic separator considered here is the same closed type separator with a gradient of approximately 30 T/m discussed in Section 2.2. Under these conditions, the behavior of the NPs is the same as discussed in Section 2.2. The behavior of the latex colloids depends strongly on the value considered for m c . The most interesting case corresponds to the case with m c /m p < N f . In this situation, (14) predicts that the initial motion of the colloidal particles will be in the opposite direction to that of NPs. In our simulations, we have focused in the particular case m c /m p = 500, which we have found realizable experimentally [30] .
We have performed different simulations with a total number of 10 6 tracer NPs together with 10 4 tracer latex particles. The initial system configuration was prepared by placing all the particles at random positions inside the separator of radius 1.5 cm. As in previous simulations, the solvent viscosity was set to 0.001 Pa · s which corresponds to the viscosity of water at 298 K. The integration time step was set to Δt = 5 s, and the positions of the particles were recorded at intervals of 50 s. The simulation was performed until a simulated time of 2.9 × 10 5 s, which required 131 min of CPU. At this point, we recall that all our calculations were performed by a C code developed in house, which is available under request to the authors.
Experimentally [30] , it was observed that the latex particles behave in an interesting, nontrivial way. First, it was observed that latex colloids generate a sort of ring-shaped structure. Then, this ring of latex particles experiences a thinning process, and later it moves towards the walls of the system. This experimental behavior is also found in our simulations, as seen in the snapshots in Figure 6 , and also it can be seen in the movies provided as supporting online information (see the movies provided in supplementary material available online at doi:10.1155/2012/678581).
The observed profiles of latex particles can be understood from the analysis of the trajectories of individual tracers. Typical trajectories for the radial distance r(t) of latex particles are shown in Figure 7 . Latex particles move initially towards the center of the system due to the fact that initially m eff < 0 (see (11) ). As time advances, the latex motion is slown down and at certain point (different for each particle), the motion is reversed. For example, a particle starting near the center of the system (r = 0.1 cm) reverses its motion after 1 h, reaching the wall after a total of 31 h. A particle starting at the wall (at r = 1.5 cm) reverses its motion after 10 h, at a distance r = 0.7 cm and reaches the wall (r = 1.5 cm) also after 31 h. This reversal of latex motion is due to the radial motion of the NPs towards the walls, which changes the local concentration of NPs. The reversal of the trajectory of a latex particle occurs when it founds a decreased local concentration of NPs at which m eff = 0 ((12) gives a threshold NP concentration of 5.8 g/L for our case). This initial motion towards the center of the system generates the observed formation and thinning of the ring profile of latex particles shown in Figure 6 . The subsequent motion of the ring profile of latex towards the wall corresponds to the time at which all latex particles have inverted their motion. All this process is also illustrated in the accompanying movies, showing the motion of latex particles superimposed to the evolution of the concentration profiles of NPs.
Simplified
Model. Although our simulations described in the previous section are not particularly costly from the computational point of view, they require the use of relatively large amounts of disk space to store the tracer trajectories and later analysis to obtain relevant quantities such as concentration profiles and number of particles remaining inside the magnetic separator. For this reason, it could be convenient to separation process. Regarding the separator design, we have shown that the homogeneous magnetophoretic conditions created by a closed type separator (high magnetic field over almost the whole sample and constant magnetic gradient) enhance the separation process, providing more control over the process and reducing the expected separation time when compared to the open-type version of the separator. We have also extended that methodology to solutions of colloidal particles in aqueous solutions of superparamagnetic nanoparticles in the closed type geometry. The simulation performed in this case is able to account for the ringlike structure expected in some experimental situations and agrees with the simplified numerical model proposed.
